






ECE 874                                  Test 1 Out‐of‐Class Component                    Name ______________________ 

(50 points total) 
Instructions: 

1) The test is due on Monday March 7 in class at 11:15AM. 
2) You must show all steps in your solutions 
3) Your exam solutions are to be your own work, you are not to give or receive assistance of any kind on this 

exam. 
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1. (15 pts) Given the system

( sin( ) - ( ))

a) Find the equilibrium points assuming 
2

b) Calculate (by hand) the linearization about the equilibirum points and describe their lo

sat

x x

x x x sat x

k


 
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




1 2 sat
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cal stability

properties assuming .
2

c) Plot the phase-plane portraits for -6< 6 and -2< 2 for the values k =10, 1.5, 0.1

  What is the effect of the saturation (and k ) on the system? 

Defi

satk

x x




 

ne the following MATLAB function to implement the saturation.
 

 

 

 

2. (15 pts) 

  
 

 

 

‐ksat 

sat(x) 

x 

ksat 

function y=sat(in1,satlimit) 
if in1>satlimit 
    in1=satlimit; 
end 
if in1<-satlimit 
    in1=-satlimit; 
end 
y=in1; 



a. Assume A(h) =h2+0.1 and all parameters are exactly known and h can be measured, design a 
controller u so that h tracks hd. Show all work and that all signals are bounded. 

b. Simulate the system in Simulink using a=1. Show h(t) on one plot, show u(t) on one plot, show 
your Lyapunov function and its derivative on one plot. 

 

1

3. (20 pts)

a. Use the hand-crafted backstepping approach to design a feedback control for the following. 

Show the stability result for the closed-loop system and that all signals remain bounded 

cx   3
1 1 2

2 1 2

os( ) 3

-

b. Simulate the system using Simulink. Show states on one plot, show control signals on one plot, 

and show your Lyapunov function and its derivative on one plot.

x x x

x x x u

  


 

 





x1 ' = - x2                                
x2 ' = 1/2 ( - x2 + sin(x1) - sat(x2,pi/2))
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ECE 874                                    Spring 2011      Test 2                               Name ______________________ 

(100 points total) 
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1. (25 pts) Given the following system:

       2

1
         a 3

3
where  is an unknown constant. Design a tracking controller  so that the state  follows . 

Assume that the desir
d

x x

x x x x u

a u x x

 

   





1 1 1

1 1 1

ed trajectory and the first two derivatives  exist and are bounded. 

Prove that the controller will work and that all signals remain bounded.

Solution:

Tracking in upper subsytem:

d

d

e x x

e x x x

 

     

 

1 2

1 1 2 2 2 2 2
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Introduce the embedded control:

2 2  where 

Design  "control input" :

( 2 2 )

Design 

2

1
a

3

d

d d d

d

d d

d d

d

x

e x x x x

x
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 
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 2. (25 pts) Design a tracking controller, , for the system:

       3 ( ) 5

where ( ) is an unknown function.

Assume that the desired trajectory, ,  and the first two derivatives exist and are bd

u t

x x f x u

f x

x

    

2 21 1
2 2

ounded. 

Prove that the controller will work and that all signals remain bounded. 

Use the Lyapunov function candidate  where  and .

When designing your control (not implementing 
dV e r e x x r e e     

 
2 2

2

your control) assume ( ) 2sin( ) 

Find a bound for the "unknown" functions

( ) 2sin( ) 2 sin( ) 2 ( )

Use filtered tracking error 

3 ( ) 5
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( ) ( ) used assumption 5 here
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3. (25 pts) Design a singularity free tracking controller, , for the system:

       1

Assume that the desired trajectory, ,  and the first two derivatives exist and are bounded. 

Prove that the
d

u t

x x x u

x

   

2 2

1 1 1

1 1 1 1 2 2

21
1 12

1 1 1 1 1 2 2

2

 controller will work and that all signals remain bounded. 

1
Rewrite system as 

( 1) ( 1)

1

( 1) ( 1)

1
( )

( 1) ( 1)

( 1)

d

d d

d

x
x u
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x
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4. (25 pts) Design a tracking controller, , for the system:

1
     - 2 sin( )

3
Assume that the desired trajectory, ,  and the first two derivatives exist and are bounded. 

a.) Prove that 
d

u t

x x x x x u

x

    

1

1

the controller will work and that all signals remain bounded. 

b.) Simulate using Simulink using cos( ). 

Turn in plots of the state ( ) and the control u(t) and your Simulink diagram.

Tracking in 

dx t

x t



 
1

1 1 1

3 2
1 1 1 1 1 1 1 1
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1 1

upper subsytem:

1
2 sin( )

3

1
( 2 sin( ) )

3

3 2 sin( )

 PD and  ND 0

0,  bounded

d
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  
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

1 1

1

 is bounded

, ,  bounded  is bounded

,  bounded  is bounded
d

x

e x x u

x u x










 

If you use in the control

...  then you can't 

show that u is bounded since ... 
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A=[0 1;0 0] 

B=[0;1] 

P=[‐2,‐3] 

place(A,B,P) 

s =  6.0000    

 

5.0000 
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2. (25 pts) Find the transformation ( ) needed to design a control input u

that will input-state linearize the system:

      

      

      

z T x

x x x

x x u

x x x x



 

 
  





 

 

 

 

 

1 2
2
3

1 2 3

1 1
1 2

2

2 2
2 2

2

3 3
3 2
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1 1 1
1 2

1

0

( ) ; ( ) 1

0

( ) 1 0  is independent of 

( ) 1 0  is independent of 

( ) 1 0  must contain 

( )

x x

f x x g x

x x x

T T
g x T x

x x

T T
g x T x

x x
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T T T
f x x x

x x
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Choose 1 and 1 then:

( ) 1 0 1 2
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( ) 2 0 1
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T
x x x x T
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T T T T
f x x x x x x x T

x x x x

T T

x x

T
f x x x x x x x x T
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T x x

T
f x x x x x x T

x
x x


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 
 

 
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T

x




 
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3. (25 pts) Design an observer for  in the open-loop system

        sin( ) cos( )

where , , and  are known constants. 

a.) Prove the theoretical performance of your design using a Lyapunov

x

x a x bx c x u

a b c

   




analysis.

b.) Show the observer in a form that could be implemented.

0

a. Design an observer to estimate  in the open-loop  system:

sin( ) cos( )

(  is measureable but  is not).

Define:

ˆ

  (similar to the filtered tracking error ) then 

u

x

x a x bx c x u

x x

x x x

s x x r



   

 

 

 





  

 

   
 

2 21 1
2 2

2

ˆ

propose 

ˆ

rearrange definition of s:  

ˆ

ˆ

substitute the open-loop system (

s x x x x x

V x s

V xx ss xx s x x x

x s x

V x s x s x x x

x sx s x x x

 





 

 

    

 

     

 
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

         

 
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

 



2

2 2

 with 0):

ˆsin( ) cos( )

ˆwe would like to have only  and -  in , design  to make this happen:

ˆ sin( ) cos( )
stabilize cancancel

x u

V x sx s a x bx c x u x x

x s V x

x a x bx c x x s x

 
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2 2

 is PD and radially unbounded,  is ND

ˆ, 0

ˆ0

 observer is bounded if ,  are bounded

cel cross term

V x s

V V

x s x x

x s x x x

x x


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  
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.) Put observer into an implementable form.

ˆ sin( ) cos( )

Two-part implementation of the filter:

ˆ ˆ(terms to get differentiated to make )

terms that don't get differentiate

b

x a x bx c x x s x

x p x

p

     

 



  

 



   
  ˆ  

ˆd to make 

Rewrite the observer by replacing s=  and regrouping

ˆ sin( ) cos( )

sin( ) cos( ) 1 1
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x
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 
 
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rver:

ˆ 1

sin( ) cos( ) 1

Prove that it works:

ˆ 1 sin( ) cos( ) 1 1

x p x

p a x bx c x x

x p x a x bx c x x x





  
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 4. (25 pts) Design a tracking controller, ,  using a filtering approach for the system:

     sin( ) cos( / 2) 2

where  cannot be measured and a=2 and b=3. 

Assume that the desired trajectory,

u t

x a x b x u

x

x

    


1

1

,  and the first two derivatives exist and are bounded. 

a.) Prove that the controller will work and that all signals remain bounded. 

b.) Simulate using Simulink for cos( ).  Turn in plots of the 

d

dx t 1state ( ) and the control u(t) 

and your Simulink diagram.

x t
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a.) Define:
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1 sin( ) cos(
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Assume for now  is  measureable:

1 sin( ) cos( / 2) 2 2

Design sin( ) cos( / 2) 2 2
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